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Machine Learning: (1) Supervised Learning: regression and classification problems, simple linear

regression, multiple linear regression, ridge regression, logistic regression, k-nearest neighbour,
naive Bayes classifier, linear discriminant analysis, support vector machine, decision trees, bias-
variance trade-off, cross-validation methods such as leave-one-out (LOO) cross-validation, k-folds
cross-validation, multi-layer perceptron, feed-forward neural network; (1) Unsupervised Learning:

clustering algorithms, k-means/k-medoid, hierarchical clustering, top-down, bottom-up: single-

linkage, multiple-linkage, dimensionality reduction, principal component analysis.
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@ Consider the following 1-D data set: (a) What is the mean-squared error (MSE) on this data for the hypothesis y; = 2z;?

g & ® o - (b) Beatriz decides that for her application, small errors in the predicted y-values are
5 4 irrelevant. She designs a new loss function L(y,y) whichis0ify —2 <y <y + 2,
4 + " and (ly — | — 2)? otherwise.
Y 314 o | ‘
0, ifh-2<yg<y+2
2 + L(Yy,y) = .
i (ly — 9| —2)%, otherwise
—— What is the average loss using L on the same data set as the previous question,
4 5 6

assuming again the hypothesis y;, = 2z,?

e — [& = iféft%"ﬂ -*%3 @*@%*@
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Consider a modification of the standard linear regression setup where each datapoint is associ-
ated with an importance weight. Formally, we have a training dataset consisting of n examples
{(.:r:““.,gj;v“))1 ey (x{"},y{"])}, where each datapoint is associated with an importance weight
ri > 0. The weighted residual sum of squares objective is defined as

g==]

: 2 Y
Ao WRSS(w) =3 ri (w 20 -5 0) ‘/Bﬁvm o dah, we cal s

The diagram below shows a training dataset with three examples (z'V),y)), (z?),y(?),

and (z®,y®). b.:-_,\ —> %hl&?f'{'f @

Here the inputs z are all one-dimensional. Soumya chooses some importance weights ry, ro, — | ( 3
and r3 and then trains a model to minimize the WRSS objective. The model’s predictions £ M"L/

are illustrated by the orange line. (Please check image on next slide)

i. (2 points) What are the values of w and b that Soumya learned? i \ '3 plotﬁ 6@'5& [
ii. (4 points) Out of the values for ry, ro, and r3 that Soumya chose, which one was the b

smallest? Explain your reasoning. UCU’HW/

n

WRSS(w) = Zn (w ) — y“])z.

) |

s, M| = Minims7g foe.
loss funtied = oS felorm s

(a) {(}fiﬂ' Jg/'

i. What are the values of w and b that Soumya learned?
ii. Out of the values for ry, 2, and r3 that Soumya chose, which one was the smallest? Explain

your reasoning. LJ L(SU W!U bg_., Some
'> + pensiend i dl Vo dm{\g

, . . . . , gl)[ Kefen kY]
regression loss discussed in class. Let w be any value of w that achieves the lowest possible

(c) Let w™ be any value of w that achieves the lowest possible value of the standard linear

WRSS loss when r; = 10 for all 2.
i. Assume that the Normal Equation has a unique solution. Are w* and w guaranteed tr}%hw&é
same? Explain your rm p‘JDEﬂ}\aﬁj” WW” 0 Cﬂ’pf

e
il. Now assume that the Normal Equ IZ//E more than one solution. Does this change your dL — 0

answer? Explain your reasoning.
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% Using monthly stock averages, z,,xs,...Z,, you run linear regression without reg-
ularization to estimate some future stock value y. However, your test error rate
turns out to be very high. Your friend suggests that maybe the price differences
between consecutive months may offer better features, so you add additional features
(1, — x2), (x2 — x3), (T3 — x4), ..., (Tn-1 — T,). Do you expect an improvement? Briefly
justify your answer. [

V0 Decate, He new TSUM odo.  linecd, (ombinakie & eﬂs-fmét FW@ X
dfﬁe, ﬂiﬂft&w&l Wﬁ“'{& LIGV&-* leaMegL Wopﬂ;mm ong,wad,

Q In class, we discussed how problems can arise when certain types of examples are underrepre- ‘L' ,

sented in the data. One natural solution is to reweight the data. Suppose we have a training - -
dataset D for linear regression that is the union of two (disjoint) datasets A and B, where lﬁ' l ’B {
|A| >> |B|. For example, A and B might represent data from two different groups of individ-
uals. Let (:r,(f) y,(f:') denote the i-th example in A and (.’I?E},’yéﬂ) denote the i-th example in B. mo_ Wﬂgﬁv]}g
The reweighted training loss-is defined as CLJ% as

| Al |B|

1 i i 1 i i - &
Lw) = pp Y ) —sf) + 1 > (waf) )2 > [opvenkimal Lf

i=1 i=1 i+ [BI 1 7

where w is the weight parameter for linear regression (in this problem, we will omit the bias term). [ 2 ld — 3)
I A @ = j

Explain why this loss function is more likely to promote more equal treatment j ﬂ'l” p , =

of individuals in dataset A and individuals in dataset B, compared with running
normal linear regression on D.

Let w" be the solution you obtain in standard least-squares linear regression. What solution do you obtain if you

4) (3 points) Recall, the original training loss used for standard least squares regression:
scale all the input features (but not the labels y) by a factor of ¢ before doing the regression? ) ( ) '

n .
) ™ . . 2
& oW O cw Lnss(u.-) = Z (y{” - w I':l})
O Zw' O c*w' i=1
The individual datapoints are indexed by i,.s6that z(*) is the input and y'*) is the output for the ith datapoint
in your training set of n datapoints. Suppose z'*) € R? and y € R.

Suppose that your friend has proposed a new training loss to use for learning a regression model:

T 2
NewLoss(w) = ]ng (y[a} _ wai})
i=1

Suppose the dataset is fixed — i.e. you are going to use the same training data with both losses — and that
you are able to minimize both losses exactly during training. Will these two objectives always yield the same

regression model? Why or why not? (Briefly justify yvour answer.)

Solution: Yes, both objectives, when applied to the same dataset, will always have the same argmin

and thus yield the same w. Notice that:
NewLoss( i_l';l - ll'}g (Loss(w))

Since log is a strict monotonic increasing function, the w that minimizes Loss also minimizes NewLoss,

and vice versa.




. -
Let's work out a two-way. least-squares linear regression method. The i1th observation is the @ k, — é. ) M
ordered pair (z;, y¥;)° We're going to view these data in two ways: }__J
1 e
1. x; is.a'sample point in one dimension with label y;, or ﬁ ')(_4,
22" y; is a sample point in one dimension with label z;. (!
Since we do not use bias terms, both regression functions will pass through the origin. Our ‘T ‘/
optimization problems are: § = _z(__’_____

q

Find o that minimizes Y " | (az; — y;)” Find 3 that minimizes > ., (By; — z;)*

(a) [7 pts]
Derive a closed-form expression for the optimal regression coefficient cx. Express your final

answer in terms of vector operations, rather than summations. Ensure you show all your work.

(b) [2 pts]
What is the closed-form expression for the optimal regression coefficient 3? This result follows

from symmetry, so you don't need to repeat the derivation unless you'd like to.

(2 pt) Kevin is trying to fit a simple linear regression model 4 = 0§+ 6,z on a dataset with 900 observations. M_[E-;"F &5? | ’9/}, 5'9 D Y (D f) ""D B

After determining 6, and ¢, by minimizing mean squared error, Kevin found the following:

e For 250 inputs, his predicted value iy was 1 more than the actual value y. é &
e For another 500 inputs, his predicted valte i was 0.5 less than the actual value y. ZP |

e All other points were predicted perfectly. — ':?’5,____’__,— = ,?E; = %

Calculate the mean squared error of Kevin’s model. Select the closest answer. (Note that this question 5}’9’7
is not asking about mean nearest squared error.)

Qo

O 0.25 = p%

O 0.35
@ 0.42

O 0.55
O1
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@ Suppose you have m = 14 training examples with n = 3 features (excluding the additional all-

uch as ]Dcr»*ssf Ko -

ones feature for the intercept term, which you should add). The normal equation is

0=xX"X)"'x' y. For the given values of m and n, what are the dimensions of ¢, X, and v in
'
this equation?

. — 4
Your Answer X [S NK{H’I = [

- | = bxl
Xisldx4,visldx1,0is4 x| \/—\ 9’ JES @,;b)k

. Y\ = [AX]
Xisldx3,visldx1,0is3x3 V Mo N
Xisldx4 visldx4,0isd x4

Xis14x3,yis14x1,0is3 x |



Select one: The closed form solution for linear regression is # = (X"X)'X7y

. Suppose you have N = 35

raining examples and M = 5 features (excluding the bias term). Once the bias term is now included, what

are the dimensions of X, y, # in the closed form equation?

0) X1535x6.yi535x1.9i56x1/

() Xis35x6,yis35x6,0is6 x 1
() Xis3>xd, yis3dx1,0isdHx1
O Xis35x5,yis35x5,0isd x5

{ = 251k
¥y = 35«
oK |

_ T
Suppose the scores of the midterm, homework, and final of 4 students are given by | F-ﬁ'a qé
Y=Xg = | %0 %5 .
Midterm | Homework | Final I 12 63 7, - Lf
80 85 96 | 4, 91 . U0
72 68 74 | 10 \’ a 1B
94 97 90 L~ &7 e
69 70 78
You'd like to use linear regression to predict a student’s final exam score from his/her midterm exam
score and homework score. The normal equation of linear regression is 8 = (X" X)~ X7 y. What are X
and y in this problem?
[0 pts] Given data D = {(x1), 317, (x™),y™))}, we obtain W, the parameters that minimize the
training error cost for the linear regression model y = w’ x we learn from D.
Consider a new dataset Dgew generated by duplicating the points in D and adding 10 points that lie along
y = wlx, for a total.6f 2N + 10 points. Then the W, ., that we learn for Y= wl'x from D,y is equal to
w.
* S ol thonge 2
& e We s ot ou:louﬂg new  diffent dake P 9e
(O False .- _ M IS e ‘és%“f }
UM L —> P\'ddﬁ‘a e e Q) &3 : |
r‘ QU'HO A & —
besnes S s _ 2 (ﬂ"' 3 - é; [_‘g& ”‘él Neall
2 (g —= = [4i-4) *
L""[ D::-'-l 1= Vi

(]83.

I

( True or False ) Assume that you have a dataset composed of N observations: the target
t and features X. You want to fit a linear regression model and find the weights w, but

you also know that more data is always helpful. Instead of fitting a model with t € R™ and

X € R™*#; you concatenate the data and fit a model using [:] € R*" and [i] € R¥nxd

Running linear regression on this new dataset will give the same weights as on the original

dataset.

Core. fraso™
?@vim

e

AN

(a) (6 points) First, we use a linear régression method to model this data. To test our linear regressor, we
choose at random some datarecords to be a training set, and choose at random some of the remaining
records to be a test set:
Now let us increase the training set size gradually. As the training set size increases, what do you
expect will happen with the mean training and mean testing errors? (No explanation required)

- Meén Training Error: A; B. Decrease
- Mean Testing Error: A. Increase; B \/



@ For the remainder of this question, we will iise the multiple linear regression model, which is of
the form

y=x-0= ih‘;:,
J

=)

As in class, assume:

@Y is a vector containing our observed responses (i.e. true y's).

e X is a design matrix whose first column is 1 (i.e. o = 1 for all observations), and X, represents the
ith row of X.

e We determine # by minimizing average squared loss.

# is the minimizer of which of the following quantities? Select all that apply.
(s — 0)? (
n 2oi=t (s — X - 0)F %
2oim1(tn — X - 6)° (S E
1Y — X ALY
n| Y - X0 |'J ‘Sﬁw w/
. y 2"’
¥ - X3 J- -0 o5 @%}*M 3
'rlt :1=1(y‘“x' 6] 1‘4"‘\15 “O%V.WQ'

Z:I 1(.1;! x| ﬁ]'.

None of the above

O 08 8 B0

O 0O 0O

Remember that your work is graded on the quality of your writing and explanation as well as the validity of

the mathematics. /\glmn [% 10.5.(

(1) Alice has collected a dataset of dependent and independent variables {(z'V, y'"),..., (z'™, y'"™))}; she does A

linear regression on it and obtains the weight vector w ... ~Bob also collects the same dataset, but i ll'lf" B}J g\/m

while recording the independent variables (the z'")’s) he uses different units. Specifically, Bob's dataset E(J ———

is {(z(V,pV)),..., (2™ y"))}, where for each i, 2"\ cz(") where ¢ > 0 is a scalar. Bob does linear p 4 70

. . . . 2 {= iy’ -
regression on this dataset and obtains a weight vector wges. —— .
(a) (5 points) Do Alice and Bob have the 'same training loss? Is waii.. = wge? In either case, justify your X N LL?%’ . y't
p—
answer. ,:_% Wbﬁb Z éab
(b) (5 Points) Suppose mow that Bob records each feature in a different unit; that is, for each coordinate . W "
i J

Js ::jIJ = njri Lifor all i, where ¢; > 0 is a scalar, and the c;’s are not all equal. Do Alice and Bob still [ U)Bk ‘l — U.%aﬁ C/r}-’-
have the same training loss and is w4 = wpg.! I ves, justify your answer. If no, provide an example Gl‘ le-

of a dataset where this is not the case. [‘ \ [~\ .fl"n% c}e\‘z— RQB’WP
@ Nodicer G has substipt” ) L ouve Cune. fine e
, wefjﬂ’f"-’fﬂ' /4’/7 . W b
Wie i 1ot éfVlM do Q"“'wﬂ{ N | woe
iaijﬂ“’eﬂ whae  eah  datapeint /5 peighh
Maleb\a Ruther ~ hote; we 4,-4&%& 59

|
bt o scoed => S besutt 2 $

Suppose we have a data set of 100 points whose first few rows are shown below, and that we’d [5 g | = ( 2 'f" 3 D( c;l)
like to predict i/ from ¢ and w. Suppose we create a design matrix X whose first column is 20~ [ 0-;) + [ -]
v, second column is w, and third column « is a new feature u; = |v;|. The resulting model is | = [5
Ui = Bv; + Pow; + Bs|v;|. The top row is row 1, e.g. y; = 4. & —

y v W _ —5 +Ix +é =

- | -30 1 H |

6 -40 2 > e

5 20 3 — . \J

| . ) b & fasial

(a) [3 Pts] For the data above, suppose we arbitrarily pick 5 = [0.1,12,0.2]". What is §,?

i = = Y977 5°

(b) [2 Pts] For the data above, let € be the residual vector if B = (0.1,12,0.2]". What is |e;|? — \/__ A q?

= (DD
ey [ ‘ — __.[G 3) —+12 A J
(c) [3 Pts] For the data above, suppose that € - € = 9. What is the MSE? g — L 7 +34 +3 '

MSEz‘ ‘ b "[”

(d) [1 1, Pts] For the data above, the matrix X has full rank (i.e. no columns are linear

combinations of any others). Suppose we compute Z = (X'X)™'X”y. What is Z? — | /
Select one and fill in its blank. — h-5 ot
g e = — 2
() Itis a vector of length : L - a‘g 2
() Itis a matrix with rows and columns. s - 28 3
() It does not exist because |v;| is not differentiable. |/ -



|1 points| True or False? When running linear regressions, it is a good idea
to look at the largest (in absolute value) regression weights to see which
features are most influential in determining the predictions.
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& Let X € R™*" w € R", and Y € R™. Consider mean squared error L(w) = || Xw —-Y||3.
What is V,, L(w)?

(a) 2YT( X" Xw-Y)

(
(c) 2Y'(Xw-Y)

(d) 2XT(Xw — Y) \/

(
b) QXT(XTXIU -Y)
(
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' (8 points) Mark each statement as true (T) or false (F).

Gradient descent can fail to converge on a convex function if step size a is such that

we get stuck in a cycle, oscillating between two or several values. ANSWER: T

without bound. ANSWER: T

minimum. ANSWER: F

too small. ANSWER: F

For a non-convex function, gradient descent can fail to converge by descending
Gradient descerit can fail to converge on a convex function if it gets stuck in a local

Gradient descent can fail to converge on a convex function if the step size a > 0 is

b

Consider the following loss function on vectors w € R1:

2 Dair e 2 . y ‘
L(w) = wi + 2w3 + w3 — 2wawy + wi + 2wy — 4wy + 4.

(a) What is VL(w)? i —
(b) Suppose we use gradient descent to minimize this function, and that the current estimate is \/(:)U?r[’a
w = (0,0,0,0). If the step size is 7, what is the next estimate? AR ~lp
(c) What is the minimum value of L(w)? . o
(d) Is there is a unique solution w at which this minimum is realized? &WB -
Y2 —oloz
1 P
oy — . 2 Y
% p, = wo —& = 4] _
O 7
v 7
‘ = 132 —Q-k t¥
% ‘VL(‘&B:@ — o = -1 Vb les} .
== o
Wy = 137 — /
w3 = L s
_ oy 'SGL,;_;, Ry ]Wﬂ/lwlum
4) Ner i T
C 3 _
\ Af{::-— (g._ 3 ~ &(1 B

Let 2

f(@,9) = (z — 1)*(y - 3) Ay 5 (4

Py = (z0,%0) = (4,5) //

n = 0.05 ré){, )&

Fi= (1) - P03 af, - 39
Using the gradient descent algorithm find P = (x2, y2) and then calculate f(P;) to at 5 |
least the nearest thousandth (at least 3 decimal places). L ,g.éj

n
) I ofiﬁ
- —
(5 points) Consider the following loss function: \ V L@ é | + b)’r'lf
n 1= I
L(w) = Z log(1 + w' x;) (x‘ ‘;

L . P we — Wi~ %5 LH

What is VL(w)? Write down the update step for gradient descent. -

[3 Pts] The learning rate can potentially affect which of the following? Select all that
apply. Assume nothing about the function being minimized other than that its gradient
exists. You may assume the learning rate 1s positive.

E]/The speed at which we converge to a minimum.

@/Whelher gradient descent converges.

) The direction in which the step is taken.

Mhether gradient descent converges to a local minimum or a global minimum. -

Too bigh iy ™ Can ™ o 1

e&gMMH@'

Loced &0 ?l"bﬁg

laol



Which of the following could affect whether or not gradient descent converges to the global
minimum?
(a) [1 Pt] Learning Rate

) True (O False

(b) [1 Pt] Initialization of parameters
©f True () False

(c) [1 Pt] The ordering of the data (ignoring issues related to numerical precision).
() True (¥) False

(m) [3 pts] Let f : B — R be a continuous, smooth function whose derivative f'(x) is also continuous. Suppose f has a

unique global minimum x* € (—o0. o), and you are using gradient descent to find x*. You fix some x'” € R and € > 0,

and run 1" = X" — ef" (") repeatedly. Which of the following statements are true?

L

) Assuming gradient descent converges, it converges

L

(0 Gradient descent i1s sure to converge, (0 some

value, for any step size € > 0 to x* if and only if f is convex
O If f has a local minimum x* different from the O If, additionally, f is the objective function of
global one, i.e., X # x*, and X' = X’ for some 1, logistic regression, and gradient descent converges,
gradient descent will not converge to x* then it converges to x°
Select all that apply: Consider the convex function f(z) = 2%. Let a be our 5 Dz
learning rate in gradient descent. z) =
For which values of a will lim;o f(2'') = 0, assuming the initial value of z is l{) 7 = |
200 = 1 and 2 is the value of z after the t-th iteration of gradient descent? \ !] oL ol
—
0 a=0 Z )
1 _ ‘ - ‘ - = y
O a= 5 O[ - —
O a=1

Q
O a=2 Z

—_—
O None of the above . %./Q\

Numerical answer: Give the range of all values for & > 0 such that lim,_,», f(z") =
0, assuming the initial value of z is z(? = 1.

Contmihs. — Levd Q0%
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» The answer to the problem of slow gradient descent is Gradient Descent
Stochastic Gradient Descent (SGD). Bl o R e e e s

> Instead of |01Opiﬂg th"-'_’“gh all the training examples to Basically, just a difference in how many training points are each time
compute a single gradient and make one step, SGD loops we compute a gradient (and then take a step with that gradient

through the examples (x, y) and updates the weights w based .
on each example. (Batch) GD III“IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

» Each update is not as precise since it's based on one example, Effective batch size = N

but we can make many more updates this way. Mini-batch SGD II“IIIIII
» Aside: There is a continuum between SGD and GD called Batch size = B, e.g., B = 10
minibatch SGD, where each update consists of an average
over B examples. SGD I
» Aside: There are other variants of SGD. You can randomize Effective batch size = 1
the order in which you loop over the training data in each
iteration. This is important, for instance, if your training data e Batch gradient descent moves directly downhill. SGD takes steps
has all the positive examples first and the negative examples in a noisy direction, but moves downhill on average.
afterward. )
L ,"'{""__
- Batch gradient descent ) NG\ \ T«
-~ Mini-batch gradient Descent
- Stochastic gradient descent .
(batrj) gradient descent stochastic gradient descent

- NSE
[N (6557 | -
> [inedd xag@essfm/\?—* n (oo pfimisakion > e is D%Lm. it 2_00
N e He 3)0*94»0 Wuma = W il opays %’/uQ, ,ﬂvbball W e Jy?

ﬁf> After a gradient descent update step, the objective function value at the

weight vector is always lower after the update than before.

r .
"~

False : If the step size is too large, the objective function value can increase after an update.

@There is always a unique steepest descent direction in gradient descent.

False If the gradient is zero along some dimensions, there would not be a unique steepest
descent direction.

&7 When the algorithms converge, stochastic gradient descent always finds the same solution
as gradient descent.

Solution: False. For example, if there are multiple local minima, even two differ-
ent runs of gradient descent may converge to different local minima, depending on
the random initial condition. Adding on top of this the stochastic/randomness from
stochastic gradient descent makes the statement definitely false.

-

Q [3 pts] Which of the following statements about optimization algorithms are correct?
(O Newton’s method always requires fewer iterations than gradient descent.

(O Stochastic gradient descent always requires fewer iterations than gradient descent.

@ Stochastic gradient descent, even with small step size, sometimes increases the loss in some iteration for convex
problems.

O Gradient descent, regardless the step size, decreases the loss in every iteration for convex problems.

Arguments like one reasonable optimization algorithm dominates another for all problems are in general wrong. Gradient
descent can work for some loss that Newton does not even converge.




loss

number of steps

Learning rate too low (select one):

OA OB vC OD

Learning rate about right (select one):

VA OB OC OD

Learning rate too high (select one):

OA yB OC OD

Learning rate much too high (select one):

OA OB OC ¢y D

Solution: A low learning rate leads to slow decay of the loss— this occurs for C. A
good learning rate leads to moderately quick decay to low loss, as in A. A high learning
rate can prevent gradient descent from reaching the global minimum of the objective,
and can cause it to oscillate between parameter values that give a higher loss value,
as in B. A very high learning rate can cause gradient descent to diverge, as in D.

10. Below are a list of potential advantages and disadvantages of stochastic gradient
descent(SGD). Select all that are true regarding SGD.

Advantages:

"\ O : ' _» :
Q:nLﬁ SGD is more memory-efficient because it takes a smaller number of samples at

a time compared to classical gradient descent which takes the entire dataset into
weight update

e

({h}\) In SGD, the update on weight wy,, has lower variance because it doesn’t take

many !‘ﬂllll.]}ll':'-i into account at a time

Disadvantages:

(H‘]/J I'he noise“in the dataset has higher impact on the stability of SGD than on that of

Yy

the ¢lassical gradient descent.
({df} SGD is more sensitive to learning rate compared to classical gradient descent

({:*]x_:l It's more computationally inefficient to use SGD for a large dataset than to use
L

classical gradient descent because it requires more resources to randomly sample a
data point for the weight update

Correct answers: (a), (c), (d)

Explanation: Note: option (d) (SGD is more sensitive to learning rate compared to classical gradient descent)
was deemed unclear and we accepted either (a, c) or (a, ¢, d) as correct.

CR Consider the quadratic loss function L(w) = = >°" | 3 (w — y;)? where w is a single

parameter. What is the stochastic gradient update for w at time ¢ with step size 7?

A) w(t'*'l} — w(t) _|_ rq(w(t) —_— yt)
IA) w(tt1)

C) w(t+1)

w® —n(w® —y,)

w® x 7 x (w + y,)

fd1 71 [y fah Y

@ If the step size is dynamic, n = %, and w'!) = 0, find the expression for w't) after t steps of

SGD.
A) wt) = % 2221(’9:' —wl) 75/
t —s
B) w") = Z:i=1 ’ t
t 1
C) w!t) = Ea‘zl y?
VD) wl =3 %

\1




Which of the following is not a true statement about stochastic gradient descent (SGD)?
(A) Itis possible to use the same data example across different iterations.
(B) Stochastic gradient descent is faster because it has a higher convergence rate in optimization.

(C) Stochastic gradient descent can create vastly different gradients in the first few steps comparing to those
in gradient descent.

Solution:

The solution is (B).

(¢) (2 points) Which of the following is true, given the optimal learning rate?

(i) Batch gradient descent is always guaranteed to converge to the global optimum
of a loss function.

(ii) Stochastic gradient descent is always guaranteed to converge to the global opti-
mum of a loss function.

(iii) For convex loss functions (i.e. with a bowl shape), batch gradient descent is
guaranteed to eventually converge to the global optimum while stochastic gradient
descent is not.

(iv) For convex loss functions (i.e. with a bowl shape), stochastic gradient descent

is guaranteed to eventually converge to the global optimum while batch gradient
descent is not.

(v) For convex loss functions (i.e. with a bowl shape), both stochastic gradient descent
and batch gradient descent will eventually converge to the global optimum.

(vi) For convex loss functions (i.e. with a bowl shape), neither stochastic gradient
descent nor batch gradient descent are guaranteed to converge to the global opti-
mum.

Solution: (iii)
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a Suppose we are performing linear regression using a non-linear basis expansion ®. Which
of the following statements is true about the learned predictor?

(a)
(b)
(c)
(d)

It is a linear function of the inputs and a linear

[t is a linear function of the inputs and a non-li

Linear regression. What is linear about it?

Select all that apply.

A. Always fits a linear (or affine) shape to

the data

B. Linear objective function with respect to

the input

C. Linear objective function with respect to

the parameters

D. None of the above

y

g

—

[2 Pts] Pizza Pete creates the scatter plot of y against x shown below. Which of the following
transformations is most appropriate to linearize the data?

* 3
200
L ]
[ ]
150 1 -
‘s
> 100 o *F o
[ * g ®
8 E ""’-
Sn.. L o .. ..
WA
o T
ol #% o)
0 2 4 6 8 10

1 of the weights.

ction of the weights.
It is a non-linear function of the inputs and a linear function of the weights.

It is a non-linear function of the inputs and a non-linear function of the weights.

[5 Pts] Suppose we have a dataset {(z;, y;) }/-, and we model some particular observation y;
as y; = fo,(x;) = 6y In(x;). What is the minimizer ¢, that minimizes MSE? Define MSE as
rl! > i (yi — fo,(x;))". You must show your work in the box on the following page to get full

credit. The critical point you find is guaranteed to be a minimum, so you do not need to prove
that this point i.@minimum.

10
For full credit, You must show your work on the following page. You will receive partial
credit for a correct answer without showing a correct approach.
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Consider the following training data: [ SE L@) = ﬁ [ 313 #5'%5? )

X |y {=

1] 3

| () 7).

305 _C,")__é} — é_g['ér'@% T
Suppose the data comes from a model v = cxP , for unknown constants ¢ and . 0C P
Use least squares linear regression to find an estimate of ¢ and B.
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Overfitting

Definition

Overfitting is the phenomenon where the model is
unnecessarily complex, in the sense that portions of the
model captures the random noise in the observation, rather
than the relationship between predictor(s) and response.

|
0 <15 <10 1-n:'a'a 00 05 10 15 20

y =0.1x> + 0.2x* + 0.75x® — x? — 2x + 2

7.2x° + 10.4x* +24.5x> — 37.9x% — 3.6x + 12

'S bacﬂ Leasgun

y =

oy

nolse

petfgns poobly

Jails & genslise

small training error

Overfitting causes the model to lose predictive power on new
data.

small test error

large test error

Another reason to keep weights small

» Suppose the following two weight vectors, wa and wg, make
nearly the same predictions:
| )

wA:(l) and WBZ(
» But why is wpa better than wg? .

» wpg is more sensitive—if we change the input even slightly, the
output can change rapidly.

-9
11

P> In contrast, wp is more stable, providing consistent
predictions even with minor input variations. -

o st daka

(i

* QOverfitting refers to a model that models the training
data too well.

+ Qverfitting happens when a model learns the detail and
noise in the training data to the extent that it negatively
impacts the performance of the model on new data.

This means that the noise or random Fluctuations in the
training data is picked up and learned as concepts by the
model.

* The problem is that these concepts do not apply to new
data and negatively impact the models ability to
generalize.

* Underfitting refers to a model that can neither model
the training data nor geneq_alize to new data.

* An underfit machine learni_hg model is not a suitable
model and will be obvious as it will have poor
performance on the training data.

* Underfitting is often not discussed as it is easy to
detect given a good performance metric. The remedy
is to move on and try alternate machine learning
algorithms.

* Nevertheless, it does provide a good contrast to the
problem of overfitting.
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True/False: A regressor with fixed model complexity trained on

x . . : - ‘1S
a smaller dataset is less likely to overfit compared to one trained Noise iwajr
on a larger dataset. (¢ dithi it
False. A specific regressor (with fixed model complexity) is more l@aﬂﬂ Jo & 4
likely to overfit to noise in the training data when trained on a d’ el
= ws -
smaller dataset. Therefore, it is more likely to overfit. > Smarl dQJF > \Mﬁ ng tu adon ¢
P mo'LSr@"/'?/

DA \E&

Question: True/False — i M given dua has no noise. ond b5 paudely
(h? a §'|m()[& W[odtZQ, f-6 we. i’hen K&tﬂ M’L& G!CDJ'OL o O

- - +
If there is no noise, then there is no overfitting. S%Ua\ﬁ“‘d’ w'n(iﬁ;l MOM / bp{- mqu, il le\é?

‘EC{ lg(Ijlman_:;inaa that your data is two dimensional, where you predict Y = f(X), where [ is unknown, W é’,b{, 17ﬂ
high-degree polynomial function. Say that you take every second datapoint as your training set, ‘ _ Ouljl U /’.’5 ?@Q,%ﬁuﬂ
7 and the rest as test set. Your task in here would be simply to connect the dots using polynomial % oN @j QJA gQ_J’I ﬂﬂ
function. This seems simple, but you can easily choose wrong polynomial function that
v connects all the training samples, but misses the test ones. Since we've all seen hundreds of Cﬁ. (L'hﬂ-
pictures of overfitting polynomials, I'm omitting the plot. lf@b%

V Share Cite Improve this answer Follow answered Jan 11. 2019 at 18:57 .
. Tim | MO,Q //5 TQS{: _Q}M

140k D 26 B 265 @ &h}‘?akﬁﬂ
507 {9&

a  Yes, itis possible. Without noise, your X, Y pairs should completely satisfy f(X) = Y. From

your N training points, youcan find N + |, N + 2,...degree polynomials to fit in perfectly.
3 :::;':t?::.you don't know the truth of it, a wrong choice of polynomial degree will result in 1 |f there iS no noise, then there iS no overﬁtting.
v 2. Overfitting may improve the generalization ability of a

model.

3. Generalization error is monotone with respect to the

capacity/complexity of a model.
[ \}/More training data may help preventing overfitting. ‘
(A) (B) (C) (D)

Q_ 1. We can still have false correlation that leads to overfitting.
2. Overfitting would undermine the generalization ability.
8 3. Generalization error would first decrease and then increase as the
C

(a) X axis: Number of training examples; Y axis: Test error.

(b) X axis: Number of training examples; Y axis: Training error. i
model capacity increases.

(¢) X axis: Order of polynomial features; Y axis: Test error. 4. Increasing training data size would help better approximate the true
(d) X axis: Order of polynomial features; Y axis: Cross-validation error. (" .. distribution.

Sywild Jp
resk UK

.. Generalization and overfitting. For each of the following statements, which combination
of italicized words correctly completes the statement? Circle one for each choice.

A. If the model has low/high training set error and low/high test set error, the model

generalizes.
B. If the model has iﬁtj’/high training set error and low/high test set error, the model
overfits.

C. If the model has low/high training set error and low/high test set error, the model
underfits. e

D. We can fix underfitting by either using a rp_g_m/!ass complex model or adding/re-
moving features.

E. We can fix overfitting by either using a more/less complex model or adding/ic_m__@-
ing features.
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e It penalizes the models that have a #; component to have a magnitude that is
too big (either in positive or negative direction)
For instance, it prevents the model focusing on only one feature

* As this is square of length, it is called Lo-reqularization =&
It has a set of other fancy names: ridge regression, weight decay,
Tikhonov regularization,

» Other regularization techniques are possible: L-regularization (with the
absolute values), combinations etc.

To prevent overfitting of our linear model, we would apply regularization on the model. Which of the following
datasets should we evaluate using our model in order to decide the right amount of regularization?

(A) Train o o0 ol 2 _ h
(B) Validation gﬂﬂgaﬁy_ kﬂfﬁmﬁ use st Ot {9’5 pony ES)PQQ&MQM el

(C) Test

. ~ 250
(D) All of the above /('Jj'l‘EG'iA \/‘M-daj,aﬂ &M s "Sd, aS!AL SW&% g@ms F&P

Fitted polynomial as L2 regularization weight increases

Y -
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1.0 4 O Noisy Observations ' : \ 1.04
— True Function W/
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b (2 points) If the model resulting from Ridge regression is currently overfitting, what are pos-
Mole dako = 1Hie diffiest =
noice X [es d’lw‘?ﬁﬁ, %

(A) Large coefficients will not be penalized

(B) The model will underfit the data

(27) For ridge regression, if the regularization parameter is too large, which of the following is true?

(C) The loss function will be the as same as the ordinary least square loss function

(D) The model will overfit the data

sible things to reduce overfitting? Select all that apply.

\G{ Collect new data to increase thg training data size. —

(O Repeat the current data twice to increase the training data size.

’@flncrcasc the £, regularization penalty in the loss function.

() Add new features to the model.
{7 Remove features from the model.

> Y5,

vodel do Jemn e
wﬁgﬁ/’f?‘“gv'

.

(g) |2 pts| Consider the L; regularized loss function for linear regression L(w) = -1-,|| Y -« Xwll® + Alwll®, where A

is the regularization parameter. The Hessian matrix V2 L(w) is

O XTXx

O 2AXTX

@41".&' 4+ 21

O (XTX)!

YQL[W)"""‘ )(TK-“’ QAT

dil) [3 Pts.] We have fit several models depicted as curves in the following plots:

\: tq.‘
— m—
K 1
7
(a)

(b)

(c)

Select the plot that best matches each of the models below. Each plot is used exactly

once.

1. Linear regression model
Ow O® O©

2. Linear regression with degree 10 polynomial features

OMm O® O©

3. Ridge regression with degree 10 polynomial features and substantial regularization.

OMW O® O(©

(2) [2 Pts.] We fit two more models to these data. Again, the solid curves display the predic-

tions made by each model.

(a) (b)

Select the plot that best matches each of the models below. Each plot is used exactly
once.

1. Ridge regression with degree 10 polynomial features, A = 0.1.
(A) O (B)

2. Ridge regression with degree 10 polynomial features, A = 1.0.
O (A QAB)

4

Good practices to avoid overfitting include: **

Msing a two part cost function which includes a regularizer to penalize

model complexity.

O Using a good optimizer to minimize error on training data.

Building a structure of nested subsets of models and train learning
machines in each subset, starting from the inner subset, and stopping

when the cross-validation error starts increasing.

O Discarding 50% of randomly chosen samples.

ez Jeagning odosl
OL&KMJ %’M?ibﬁg—“}'m-@k
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(3 pts| Given a design matrix X € R"*“ and labels y € R", which of the following techniques could potentially
decrease the empirical risk on the training data (assuming the loss is the squared error)?

=\ V. \alue &) L[0<S

Adding the feature “1” to each data point. () Penalizing the model weights with L, regu-

larization. ¥
gim Adding polynomial features to each data ;9 A ddl % C ﬁ 'Aa CMO& ﬂbf A&MSQ_ i@)
| |
MOAL kt [~ Hie

Vleons a[ud

¢ True/False: Ridge regression can shrink all coefficients to exactly O if the regularization parameter A is large
enough.

(A) True — th)(\ A won  dtkae O oW bt w%@ QIGWW) mﬂﬁ'@ S
\/(’{)False

[P (4) In a ridge regression model parameterized by w, what is the penalty term?
(A) The square of the magnitude of w’s coefficients v
(B) The square root of the magnitude of w's coefficients
(C) The absolute sum of w's coefficients

(D) The sum of w's coefficients

ke \We- 042 Lur jasS
[# Consider a new objective function with an added regularization term: — N O b@,{, W P@VIOJU Cg]

1 a k& fnﬂaaﬂf @Wf?c)ﬂeflf‘ fanoki ?/ ‘?Iag

J3(8,80) = = D (072 + 60— y)* +0.2(]|6]1* + 67)

L i=1 [‘S ﬂ@\f&& EDOCP ’bM MOM
Will a&ding this particular form of regularization in J3 improve the generalization of 5 an"/\ W IW 5"”?/
leshn et 1 AR

our model? Explain your answer.

) ikt -

NPISE_
How does the irreducible error change if we increase the regularization coefficient A in ridge regression?

(A) Increasef_’f Mm o Nose in W\Q.Wmcm@ } hod fhe QU232 IN mpdbf Pyﬁd“}”m

B) Decrease Y | . MWJ‘@ Y f&,
e v gl oy Ol b I bt 8 ys undurge

(D) The answer depends on the dataset X and true weights w*.

[»

" For each of the following problems, fill in the blank.
3. Consider the least squares regression model, ¥ = X6#. Assume that X and Y refer to the design

. g (a) [1Pt] If we set A = 0, then ||5]|? is 11112.
matrix and true response vector for our training data.
DX and frue response veck 8 O A, less than
Let 4 be the parameter vector that minimizes mean squared error without regularization. . equal to

Specifically: (O C. greater than

1 (O D. impossible to tell
¥ = argmin —[|Y — Xn/[3

residuals of our model ¥ = X3 is
Let 7 be the parameter vector that minimizes mean squared error with L, regularization, using OA. equalto0  *

a non-negative regularization hyperparameter A (i.e. ridge regression). Specifically: LR DovanacetatiCpek

: g 3 p. - 2
;3=argn{;n;||‘n’-xﬂllz+)~§ﬁ;

b) [2Pts] For each of the remaining parts, you can assume that A is set such that the pre- ) JE1T5] DNow, mismns We ve. St holll models UsRg our (rumg dats, sadl. cralise Dol

dicted response vectors for our two models (Y = X+ and Y = X4) is different. models on some unseen testing data.A _ > N

The training RMSE of the model ¥ = X# is than the model ¥ = X5. RIS UNEE MERESE O (e I00EY. = AT .. than the model ¥ = X5.
(YA. less than 2 Sy Becomse. e don't  kpow 6 x
O B. equal to OB, equlio U o ?E’QQ{W A
(M D. imnossible 1o tell ©OD. impossible to tell h eﬂp > {)A h/}‘ eM D A,{ AN

v

(d) [2 Pts] Assume that our desigg matrix X contains a column of all ones. The sum of the
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(11 points) Regression 1 g -3
Suppose you are interested in predicting a one-dimensional quantitative random Kl

variable Y (outcome) in terms of a two-dimensional quantitative random variable 2 0 0
X (covariates). You have a learning set (r;,v1),...,(x3,y3) of three observations, 250

given in the table to the right. 3 6 3
0

(2 pt) There are two derivations below: left and right. Select the one that expresses the regularized
empirical risk (mean squared error) for ridge regression for this dataset in terms of 3, and 5, when A=1.

O ; [(=3+382)" + (351)" + (3+681)°] +(B{ +52) «p/ar [(=3-382)" +(=381)" + (3-681)"] +(Bi +53.
= 1687 + 128, + 485 — 682+ 6 = 1687 — 128 + 485 + 682 + 6

(3 pt) Find the 3, and $; that minimize the regularized empirical risk objective from part (c) above.
Show your work for full credit.

B

[
&
[

23. [6 Pts] What parameter estimate would minimize the following regularized loss function: N )
n . 3 AN 2 (A -
(0) = N0 47+ 23w —0p  Soluio” de)= 9d (o 4) — ?____, (%
An Zai=1 T : n .
T UE)=02> Qprpop- = 22 X A X
| \

n .=

1 n
n(A+1) 2 iz Ti

O
O
O
O 8= 51+ sty Tica (3 — 9 3
lof : = b= =

— A 1 .
= 31 T Al 2 i1 Ti

%’Mi-\— §
1=1 =

A0+ 2

Dpo | 2oy + Lo
@H}ﬂiﬁ-lﬁl m

—

Which is model do you prefer, assuming bqgth have zero training error?
Model structure (for both models):
hg(x) = 0y + 0;x + 0,x% +605x° + O4x* +05x° +04x° +60,x7 +0x®

Model parameters:
0 = [0y, 6,, 6, 03 6, 05 6 6, 6g]

Aa 9‘4 —
[-190.0, —135.0, 310.0, 45.0, —62.0, 90.0, —82.0, —40.0, 29.0]" ’%@W
8 8 . J/Zﬁg w&rg}AAWQLSM’ry’W DV. f
[ 255, -64, -08, 00, 66, —44, 02 =29, 0.1]

| . e Train loss Z_hg, 3
What is the best value for lambda? s Z "’"‘;‘ /\ @ | \ A QVSEL
X 10 1 e Zf@? c Wu
@ = argmin ./ (@) + Ar(0) . .f.‘r — Nokdakon | | |
0 NP2 5 [pm{)lm% i dusz_‘ ngﬂt
10-! s
107 oo 101 '; 10-] 100 10! |10?
p
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To
Poll 4 A
20
Suppose we are minimizing J'(8) where )
. iy
HOERICOEDY()
As A increases, the minimum of J’(8) will... r(@) = |0])2
A. ..move towards the midpoint between J'(8) and r(6) u:
B. ...move towards the minimum of J(6)
C./ ...move towards the minimum of r(8)
D. ...move towards a theta vector of positive infinities
E. ..move towards a theta vector of negative infinities
F. ...stay the same

E@W&R«Mbﬂ wikh L] nofnL
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Consider a problem where 3 vectors give minimum training
error:
Mo (ot Same R ol =
. [mo] . [100] . [99.99] 3
0.02 0 0.02 OW—'
» Without regularization, we could choose any of these 3. S s Lol 4],(9, o Munmise Hzﬁb
b :i-:f_y all have the same error, so regularization will "break the hg,;'g,lneﬁ.f WQW p ,fﬂ:pﬂ,zfy :

. | .

S Mgpnalile L being o mod b%w/ﬂﬁ“ 2 Ugg{;ﬁmﬂ,‘«% Aj; ;@LJ’{;@ &P;é
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* L1-regularization gives sparsity but L2-regularization doesn't.
— But don’t they both shrink variables towards zero?

the instructors’ answer, where instructors collectively construct a single answer la _a
/éS,( ”/]lgﬂjiyf, Jﬁ"
Imagine using L2 regularization and you have a w; = 0.00001. What's the penalty for this? Well, it's ﬂ M-é?x :
(0.00001)* = 0.0000000001. In other words, insanely tiny. So, there's little "incentive” (in terms of decreasing the ¢ Jﬂ’g
loss) to set it to zero. And, critically, as you get closer to zero the "incentive” decreases further. That is exactly because W‘WW
of the smoothness of the function: the slope is going to zero smoothly, and the slope/derivative is exactly the "incentive
to move even closer to zero” . Vé

With a non-smooth function like L1 on the other hand, the slope stays constant the whole time, it doesn’t diminish to M‘,j
zero. So even when the weight is really tiny, there's still something to be gained by making it even tinier... all the way m m

until you're at zero Qeﬂw”f Ve }Wﬁ;"f‘h”dé

of, weisht
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(k) [4 pts] We are solving a least-squares linear regression problem without regularization. Suppose that the following two
1 -2 |
weight matrices both have the same cost: w; = |Ojand wy, = | 3 ] That is, RSS(w;) = RSS(w3). Which of the following
6 k |
statements become true if regularization is incorporated into the regression?
D A: If I regularization is added with sufficiently @/ C: If [, regularization is added with sufficiently
high A, w; will be preferred over w;. high A, w; will be preferred over wy.
@ B: If I, regularization is added with sufficiently Q. D: If [; regulanzation 1s added with 4 > 0, there
high A, w, will be preferred over w;. (Recall that might be infinitely many weight vectors that minimize
IWlleo = max; jw;l.) RSS(w). don (114 )
‘ . o on \
N\ = Lompment wilh — Mmﬁ = M‘?}A\ gw % :
HW)/O[); A ECJ WJ} Hhe TR AL oA %MQM’W’E’S oL MW SOUAHO]
mgmc}ud{,




(e) [4 pts] Which of the following statements are true about Lasso and ridge regression?

@/:%: Both ridge regression and Lasso are methods (O C: Both ridge regression and Lasso have a cost
used to reduce overfitting that might occur in standard function with a minimizing weight vector w* that we
linear regression. can write as a closed-form algebraic expression.

@{ B: The £,-norm regularization used in Lasso has O/D Ridge regression shrinks the weight vector but
a tendency to induce sparsity in the weight vector. rarely drives its components to exactly zero.

Suppose you’re using L2 regularization on a least squares objective. Some value \* will give you the best test
error among all possible A. You train your model using a \’ << A*. Which of the following do you expect to

be true about your training error?
\/ a. The training error for A’ will be much smaller than for A\*
b. The training error for A’ will be much bigger than for \*

c. The training error for each will be about the same — we regularize for the effect on test error.

Solution:

a, if we’re not regularizing as much as we should, then we are likely to be overfitting to our training set —
thus our training errer will be smaller with \’.

For a linear regression model, start with random wvalues for each coefficient. The sum of
the squared errors is calculated for each pair of input and output values. A learning rate is
used as a scale factor, and the coefficients are updated in the direction towards minimizing
the error. The process is repeated until a minimum sum squared error is achieved or no
further improvement is possible. What is this process called?

(a) LASSO
\/(h] Gradient Descent

(¢) Least squares m S E

(d) Regularization

(2 points) Which of the following statements are TRUE regarding Lasso and Ridge regres-
sion? Let X € R™“ be the data matrix and y € R" be the observed labels for the n examples.
Let w € R? be the weight parameters learned from Lasso or Ridge regression, and let A be the
regularization coefficient.

@’ In Lasso regression, as the regularization coefficient becomes very large (4 — ©0), Al be_ e
the learned weights from Lasso regression will be close to zero (w — 0). H wi U W‘R‘j’ %

() Lasso regression performs both feature selection and regularization.

T T

Please assign each plot in Figure 2 to one (and only one) of the following regularization
b methods. You can get some help from Figure 3. Please answer A, B, C or D. 8,70.5333 ,=0.8000 . 9,=0.5000 6,~0.0000

(a) (2 pts) No regularization (or regularization parameter equals to 0).

i(!ﬁ — 01z — 6p)* OLS (- J Y | 1 >

(b) (3 pts) L-2 regularization with A being 5. QQ\S‘ D . . . .
P\icla

Y (ui — brxi — 60)* + A(67 + 67) where A =5

i=1 F% - : : - : “ T 0 : : T

X B} X
(¢) (3 pts) L-1 regularization with A being 5. ) ) ) )
A 01-0.5&"!} GB-U.BSH H,I =(.3944 ﬂn-0.3521
3 .
(i — 012 — 60) + A(I6| + 60)) where A=5 [ O( %)
1= s
(d) (2 pts) L-2 regularization with A being 1. g . : .
'=’ o R ijﬁ(l\b f = =
Y (yi — 01xi — 60)* + A(6F + 63) where A=1
' - - L] L]

O —— s

cien alamelel> ale al
True/False: In LASSO regression, if the regularization parameter A is very large and two informative features !EJ}_M_...—-—"" }-z}s a T & ZV
are highly collinear (i.e., that there exists an a such that z,; = az,; for all i € [n]) , then: LASSO will assign . i )2 E e Wy ‘g_ H 1 > ' EI?Q,S @Qc
one of those coeflicients to zero while ridge regression never will. e '}L}J - 'H'*‘k ’G/‘ ¢ ”1 ‘ "‘

\A-’t} True tame - NCM Mﬂﬁ LC)%(_I"M [elo. L‘)J 2‘ E""._’]
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In a LASSO Regression, if the regularization parameter A is very high, which of the following is true?
(A) The model can shrink the coefficients of uninformative features to exactly 0

(B) The loss function is as same as the ordinary least square loss function.

I:{'I 'HH‘ loss flllll'H'uTI 1S A8 same as 1]11‘ I‘hi*_'j' It‘L:,Il*--w'iHIl loss function

(D) The bias of the model is no lower than the bias of the model with a smaller A.

Comparison of LASSO with the other methods

Term LS Ridge LASSO ”
"z, Intercept  2.480 2467  2.477 2T
z) 0.680 0.389  0.545 o
3
z 0.305 0.238  0.237 ’
z3 -0.141  -0.029 | _
| Ridg e pal/h
z4 0210 0.159  0.098 t
x5 0.305 0.217  0.165 | < K (e
z6 -0.288  0.026 Y,
louhs ale LAUE
Z7 0.021  0.042 OLS [em@uhs
T 0.267 0.123  0.059
Test Error 0.586 0.540 0.491 https:fﬁaldmolari.github.iofSL!dGcSKSLlDESKF

Optimizing L1 regularized models The attentive reader will have no-
ticed that the L1 penalty violates a key property that we want in optimiza-
tion: it is not smooth. This is a major drawback of .1 regularization, and

there are two strategies to avoid it, and we cannot naively apply gradient
descent to Ll-regularized models. One strategy to get around this is to

apply specially designed optimization algorithms, which do not need the

smoothness requirement. An alternative approach relies on the notion of

subgradient descent, which generalizes gradient descent to convex but not-

necessarily-differentiable functions. The theory of subgradients is covered

in more advanced machine learning courses. However, the consequence in

the case of L1 regularization is that we can use L‘ﬁSSD VPDQ] E R VL‘E; -1)

a (11.5) Tt w't_ — O(f\)-(‘}ﬁh(w
[Q ==2

sign(w)
i 'H'

as a stand-in for the derivative of the L1 norm (i.e., the absolute value)

when performing gradient descent. EID?’E‘ I/ Pﬂﬂ“f’ﬁ- RULE
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Is least squares scaling invariant?
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Linear classification: natural attempt

* Given training data {(x;, v;): 1 < i < n}i.i.d. from distribution D ) \n@ba)t;g/
« Find f,,(x) = w”x to minimize L(f,,) = — * L I[step(wTx;) # y;] N\l

\J1

* Drawback: difficult to opth!mize
* NP-hard in the worst case’ |

Linear classification: simple approach

..-""'.q%’g " -_n.":‘?.a"lr S o
Linear classification: simple approach T
ﬁ Figure borrowed from
* Given training data {(x;, v;): 1 < i < n}i.i.d. from distribution D % patter Recogniton and
g L’ y L/ — — — -8 ) e = _ ‘ _ _ ‘ | Machine Learning, Bishop
: o T . ) - . 1 n T 2 - -3 0 2 4 6 8 -4 -2 0 2 4 B 8
* Find /,,(x) = w"x that minimizes L(f,,) = 7 2i=1(W"X; — ¥i) A i o gt e e
curve), which is discussed later in Section 4.3.2. The nght-hand plot shows the comesponding results oblained

when extra data points are added at the bottom left of the diagram, showing that least squares is highly sensitive
to outhers, unlike logistic regression
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We want a model that can tell us: PMJ”W M
p(y=1|x; 6) Konge [0@

p(y=0|x; 6)

The problem: z isn't a probability, it's just a
number!

Z = w-x+b

Solution: use a function of z that goes from0to 1
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Consider a logistic regression model with w = (1,2) and b = 0. ‘
Solpbom
Use the model to estimate probability that y is 1, given that x is (—3,1)). ""‘"{'.T _ ’__L_ — D-Qé?
\ 1+ e | e

TRUE / FALSE Logistic regression sends an example x through a linear function to get
a real number, which it sends through an exponential function to get a positive number,
which it sends through a logistic function to predict a probability between 0 and 1.
(Then it optionally compares that probability to a threshold to predict § =0 or § = 1.)

False | e baish'a -%Md’im
]nCUADL% ho E'}‘Fc)”@‘kai
ot need SepBAs-

s~

7.2 (S5pt) Suppose that you have trained a logistic regression classifier hg(x) = o(1 — x) where a(-) is
the logistic/sigmoid function. What does its output on a new example x = 2 mean? Check all that apply.

(Hint: 6(—1) = 0.27)

_J Your estimate for P(y = 1|x; @) is about 0.73.

I Your estimate for P(y = 0|x; @) is about 0.27.
./ Your estimate for P(y = 1|x; ) is about 0.27.

.4 Your estimate for P(y = 0|x; @) is about 0.73.

halt) 1

Ll
oo bhess fonckiet =

o(171 k@)

Consider the dataset shown in the diagram below with a
logistic regression decision boundary.

Questions:

1. Count the number of mistakes the model is making.
2. Is the data linearly separable?

Suppose we trained a logistic regression classifier for some binary classification task. The true
¢ labels y and predicted probabilities P(Y = 1|x) are given below.

y | P(Y =1|z)

l -
ﬂl.
0

.].
0

0.9
0.6
0.6
0.55
04
03

In order to make predictions, we need to threshold P(Y = 1|r). We use our thresholds as

follows:

1 P(Y=1z)>2T

B {{} P(Y =1lz)<T

We want to decide between three possible thresholds for_P2(Y = 1|z).

¢ Model A uses a threshold of T' = (.25.
¢ Model B uses a threshold of T = (0.5.
# Model C uses a threshold of T = 0.75.

How many mistakes each model is making ?

Consider linear regression and logistic regression. Circle the correct answer
for each statement below. If a statement is false, explain why in one sentence.

1. (1 pt) (True or False) They both use linear functions. \}p -

Loggmlei}r Jse. Logstic N

2. (1 pt) (True or False) They both can be used to solve regression prob-

lems. ‘\| 0.

3. (1 pt) (True or False) They both use the logistic activation function. ND

OLR doss ot \se  Josistic. pefivakon fanchion
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¢ What is the purpose of the sigmoid function in logistic regression’ (2 pt) Bubbls the expression that describes P(Y = 0/X) for a logistic regression model.

((nh [t converts continuous input into categorical data.
:}EJ Q) o(-XTp) O 1-log(14exp(XTR)) O 1+log(14exp(-XTR)) () None of these
|\(Jt® [t standardizes the input to have zero mean and variance 1. - -

(2 pt) Bubble the expression that describes the odds ratio ==t of a logistic regression model.
P(Y=0|X)

> Recall: P(Y =0|X) + P(Y = 1|X) =1 for any X.
"fflb It transforms the output to a probability.
\y ' 3 /7

O XTpg O -X'p O exp(XTP) O o(XTP) O None of these
B P[L’ <| X [ b‘)) . v -
orobee b oo H0 [LEBEN Tyt )

SPRT et g

-.:'-—]ﬂ&

{I;}\I [t optimizes the weights to reduce loss.
NS

(4 pt) Select always, sometimes, or never to describe when each statement below is true about a logistic
regression model P(Y = 1|X) = o(X7 ), where Y is binary and X is vector-valued. X and 3 are finite. )ﬂ:% " bﬁ" RV ?(_L{_?\ ) CM

O Always () Sometimes () Never: P(Y =1|X)> X" ~ —

(O’Always (O Sometimes () Never: P(Y =1|X)=P(Y =0| - X) — d”é Xﬁ) _ |- Cj’(’-")( }3) — gf()(ﬁ)
Q"Always (O Sometimes () Never: P(Y =1/X)<1 5 Wﬂ We ole plio-
O___Always @ Sometimes O Never: o(XTB) < o(XT(2- ,8))/\)’ i

o

o Given: N labeled training examples {x,,y,}"_,, x, € RP, y, € {0,1}

e Logistic regression defines p using the sigmoid function

| exp(w ' x)

— g — —
= atw L E) 1+exp(—w'x) 1+ exp(w'x)

@ X : N x D feature matrix, y : N x 1 label vector
@ y, = 1: positive example, y, = 0: negative example
@ Goal: Learn a classifier that predicts the binary label y, for a new input x.

@ Want a probabilistic model to be able to also predict the label probabilities

Plyn =1|xa,w) =t (Sen) = My e R . ? o
(o = Olxp W) = 1—p @ Sigmoid computes a real-valued “score” (w ' x) for input x and “squashes” it
P\Ya " : between (0,1) to turn this score into a probability (of x's label being 1)
® u, € (0,1) is the probability of y, being 1 @ Thus we have .
. . . T 1 xp(w  x
e Note: Features x, assumed fixed (given). Only labels y, being modeled pPly=1lx,w) = p= o(w x)= 1 +exp(—wix) 1 T :xp[w -]x]
@ w is the model parameter (to be learned) Sl = 1—j=i—o( 5)= = ex;(w -
e How do we define p, (want it to be a function of w and input x,)? _
@ Note: If we assume y € {~1,+1} instead of y € {0,1} then p(y|x, w) = T
@ What's the underlying decision rule in Logistic Regression? @ Thus the decision boundary of LR is nothing but a linear hyperplane, just like

Perceptron, Support Vector Machine (SVM), etc.
@ At the decision boundary, both classes are equiprobable. Thus:
@ Therefore y =1 if w'x > 0, otherwise y =0

ply =1|x,w) = p(y =0[x, w)
EXP{WT x) 1 N
1+ exp(w " x) B 1+ exp(w " x) |
exp(wT x} = 1 _“‘\‘ /‘" . &{
w'x = 0 -~ - .
- = - Wx=0
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Using the logistic regression model

1 b ldese &
S ho(x) = —— Q,Lx;w) h‘ﬁ“}
gL 14e . Jo SIML =0 >
results in a non-convex optimization C 8/
FRsS  ENTROPY LOSS
— Laﬂﬂ-q e We USed

Cost Functionfory=1and y=0

olw " x)

1.0




D> =007 ~In(o7) = 035661
(O3 =pow - In(o®) = 0.q33lF
(08> =076h | ~[n[0) = 23025
@'6}3*':—';0'2’6 —\n [a~t4-> — p-b3
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[3 pts] Which of the following statements about logistic regression are correct?

() The cost function of logistic regression is convex - The cost function of logistic regression is concay
() Logistic regression uses the squared error as the @ Logistic regression assumes that each class
ioss function points are generated from a Gaussian distribution
Logidic
Rue- 5 yw) <
i. [2 Pts] Suppose our true labels are 3 = [0, 0, 1], our predicted probabilities of being \6,_ L‘%S S
in class 1 are (0.1, 0.6, 0.9], and our threshold is 7" = 0.5. Give the total (not average) 5
cross-entropy loss. Do not simplify your answer. 0 0| N [D‘ '1) o
pov 17T L
Total CE Loss = N [—l——-"‘“) - [ 19 0 )
1. [2 Pts] For the same values as above, give the total squared loss. Do not simplify \ 5
your answer. ( 9
— n| 0 61
(| 67 \n(0-7)
Squared Loss = 0 3%

1. [2 Pts] Which of the following are valid reasons why we minimized the average
cross-entropy loss rather than the average squared loss?

[] To prevent our parameters from going to infinity for linearly separable
data.

[ There is no closed form solution for the average squared loss.

[ To improve the chance that gradient descent converges to a good set of
parameters.

(4" The cross entropy loss gives a higher penalty to very wrong probabilities.

L] None of the above




(1 pt) In this question, assume that we are using the logistic regression model § = o(z78).

Suppose we want to modify cross-entropy loss to penalize predictions for observations that are truly positivs
twice as much as we penalize predictions for observations that are truly negative. Which of the following
loss functions could we use? Recall that the average cross-entropy loss is:

R(0) = —% Z (yi log(yi) + (1 — i) log(1 — %))

aly
N

= —23%""  (yilog(yi) + (1 — yi) log(1 — %))

= — 31 (2yilog(wi) + (1 — i) log(1 — %))

= —L 5" (yilog(y:) + 2(1 — y:) log(1 — %:))

= -1 5 ((yi +2)log(%:) + (1 — i) log(1 — %))

mn

-

— — . —
o

e S S S
|

Suppose after training our model we get B = [—1.2 —0.005 2.5} T, where —1.2 is an [x[? _— E 2.0 \—& -9
)

Yo 0l 4s

—

intercept term, —0.005 is the parameter corresponding to passenger’s age, and 2.5 is the __0.0‘)9 -
parameter corresponding to sex.
i. [3 Pts] Consider Silanah Iskandar Nasif Abi Daghir Yazbak, a 20 year old female. 9 5 - )'9
What chance did she have to survive the sinking of the Titanic according to our
model? Give your answer as a probability in terms of o. If there is not enough iy é%z
information, write “not enough information”. - FLL{; | } Y‘-@ - g""( | é) — 0
. |
He
0263 ¥

P(Y = 1|age = 20, female = 1) = ‘ 9 CEL — __\n(oj()%

ii. [3 Pts] Silanah Iskandar Nasif Abi Daghir Yazbak actually survived. What is the
cross-entropy loss for our prediction in part 1? If there is not enough information,
write “not enough information.”

cross entropy loss = ‘

(o %(Ua]/ Lﬁ%ﬁ

——

For a binary classification problem, where the true class label C € {0, 1}, the cross-entropy loss

is defined based on the predicted probability P that a data point belongs to class C.

Which of the following expressions correctly represents the cross-entropy loss for this data point?
A) —Pc -log(Pc) — (1 — Pc) -log(1 — Pe) X
B) —(1— P¢) -log(P¢) — Pc - log(1 — Pg) ‘(
/ ©) log(Pe)

D) — log(1 — P¢) K

E) None of the above

st (0D Yy = — g In P X Q-9 \va@"//”)]

Consider the sigmoid function defined as: ﬂ«(—z} - l‘l*@dl 0 o l L___ 'JZ‘) —1— CJ:Z—
— —=

gblie +1.~=. : AZ é_}g"Z)'l- 4 e,'z'—‘r

Which of the following options correctly represents the derivative of the sigmoid function with

respect to 2?

e - crL"Z) (2 = (-7 (1’3}”(””)

A. ’j"(::} a(z)(1 +e(2)) .

B. 92(2) = o(2)(1 —0(z)) \/ :’ff’) d G'CZ)

C. (2) = (1 - o(2))? =

D. 22(z) = o(2)*(1 - o(2))




@ The gradient of L(w) is: DWJ{Q

3 s N
({% - ; % — (y; log J(wa,-) + (1 — y;)log(1 — J(wa;))) J—é“‘b — __j%’l %j lﬂ(ﬁ"&(@) 4 (l-"dat) \l’\ {l 0‘(10»)}

e We will differentiate each term separately.
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Which function is not a convex function?
(A) Sigmoid/Logistic function: f(z) =1/(1 4+ e™%). — Mot Lihvert
(B) Linear function: f(z) = 3z. > 3 J M —p — mwlgm

(C) Square function: f(z) = z2. hERE
(D) ‘EC Lu flz) = max{::(-l}.\\/_% Lvlﬂ\féﬂ/ | (n, 0.)

E) (v ity [oF [ pwWel W&&?

(2 points) Suppose a classifier predicts each possible class with equal probability.
[f there are 10 classes, what will the erace-entranv arrar he an a cinole examnla?

O —log(10) Solution: C. Cross-Entropy loss simplifies to negative log of the predicted prob-
O —0.1log(1) ability for the correct class. At the start of training, we have approximately
" —log(0.1) uniform probabilities for the 10 classes, or 0.1 for each class. So, that means
O —10log(0.1) -log(0.1) is what the loss should approximately be at the start.

Which of the following statements are TRUE about cross entropy?

() The value of cross-entropy loss is always non-negative.

@ Minimizing the cross-entropy is equivalent to maximizing the likelihood with re-
spect to the model parameters.




WNokinuom — Likelihood Eskimahon (MLE)

PROBABLLITY VS STATISTICS w LIKELTHOOD (INTUITION)

Let's say you saw 4 heads
Ber(p = 0.5) =) s ~—>P(THHTHH) and 1 tail. You tell me p = g.

given model, predict data

T— How can you arque, objectively,
that this is the "best” estimate?
Is there some objective
| function it maximizes?
P Statistics L
Ber(p =777) <~  gvendata, predictmodel ' THHTHH

N e
Pthlimd) ]5’(99 /9,3-_-_-,. Sy 9’”('*93 ._.__>;;1wuwocl £ phsguaho = | (obsovahion /5-)

Mawmse  bno- lileolihood. = __g__ff@b-m”‘w”“/ﬁ') = 55’*[4';0’95 4(5"5& =0
e
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Likelihood of Different Observations

Definition. The likelihood of independent observations x4, ...., x,, is

n
L(X1, c:e, X0 |0) = l—[ P(x;; 0)
1=1

s (oin pped o
_> Liksherd = L(Ek’s‘s“’“‘"‘”‘lf’) = \'“JF”QCA.P () =
o U-'P} _»
> =29, nl[ P+ o 190 -
MLE @L 0

— D
...-\(\a‘P =
S n(®) _ = p= 1
n_ - By 77 & _naf = (S% ¥
_% —-—-'"t':)"'—" ,’FP “\’Y\\P

. ARG z
o9 h o \ = [1- ™, +
Example 1: Suppose that X is a discrete random variable with the following probability R(d’ / & Q 0+ (’:_% (% +

mass function: where 0 < # < 1 is a parameter. The following 10 independent observations

X 0 [1 ][ 2 - @_,L':?‘-—-—a")
P00 (2073 973 20— 073 0= 05

were taken from such a distribution: (3,0,2,1,3,2,1,0,2,1). What is the maximum likelihood
estimate of 6. /




MLE = & 3l %,{,aln%% —{~3(n@: 3 ln[&%ﬁi}jﬁb

e + € fl—'i ""'_i- =0
¢ Yoz 3 62) ..,...05 > 2 2 e e
= a%(hﬂgﬁf)*?@)ﬂ 095 & 4
=

N ,{—[5(.['5% =0 ’h% i

e Consider a sequence of N coin tosses (call head = 0, tail = 1)

e Each outcome x, is a binary random variable € {0, 1}

e Assume @ to be probability of a head (parameter we wish to estimate)

@ Each likelihood term p(x, | #) is Bernoulli: p(x, | 8) = 6*(1 — §)—*

o Log-likelihood: S . log p(x, | 8) = SN, x,log 8 + (1 — x,) log(1 — )
@ Taking derivative of the log-likelihood w.r.t. €, and setting it to zero gives

N
Zn—l Xn

lé‘l'*.«h[E - N

@ OpLe in this example is simply the fraction of heads!

@ MLE doesn’t have a way to express our prior helief about . Can be
problematic especially when the number of observations is very small (e.g.,
suppose we only observed heads in a small number of coin-tosses).

LrZ dDQe-rUt_ @ﬂSICLQQ. Fgﬂ'@%

—> M
WDS”() oVeS MLE m(,o?\pa?q/?ng, P@,

—> WKE

0’ 2
Consider the following probability distribution: :> -0 1,,;‘.!, -
| drre o e
Py(z) = 20z / - ar o=

o0
where # is a parameter and x is a positive real number. Suppose you get m i.i.d. samples x; drawn oO 2 — U D __]]
from this distribution. The maximum likelihood estimator (MLE) for # based on these samples is - & ﬁ é_, - l

| = Ul W = &

given by: —6

0 — \
Which of the following is the correct MLE for 8?

9 @Co ,00
v>"|.:|'H‘ £ _ m r?

A} 9 ——t. Laj=] *y F

m
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i’here are 5 balls in a bag. Each ball is either red or blue. Let € (an integer) be the number of blue balls. We want to estimate 6, ( ! | ; ) ___@:_

30 we draw 4 balls with replacement out of the bag, replacing each one before drawing the next. We get “blue,” “red,” “blue,”
and “blue” (in that order), ws—

(a) [5 pts] Assuming @ is fixed, what is the likelihood of getting exactly that sequence of colors (expressed as a function — 5,—-9-'
of 6)? [;; (R,LO[ ball [ &~ — ,.-E—""‘
(b) [3 pts] Draw a table showing (as a fraction) the likelihood of getting exactly that sequence of colors, for every value of &
from zero to 5 inclusive. _ B 3 g-—-G‘
: — '
6 | L(6;( blue, red, blue, blue )) 6% PCE / R | g/B /51 f [
0| ?
1 ?
2 ’ Jos LE Inl> &) =
: : MitlE o g e\ 4+
: L S
4 ? N S
5 ) &8’

" ots] What is the maximum likelihood estimate for #? (Chosen among all integers; not among all real numbers.*

D)~ Lo?g{fz}r\

NSE —1 &, Mm’:“ﬁs

1. (3 points) Which of the following models can be learned by MLE?

. . ¢ O\
(O Perceptron () Ridge regression () SVMs () Logistic regression O OK‘G’J m‘&‘d/ Lv‘n@}Q l??(?@g /

‘ Solution: \ﬂf’

P uophon P SYMs - ale et ?bemjyc modis




@ What's the underlying decision rule in Logistic Regression?

@ At the decision boundary, both classes are equiprobable. Thus:

}

ply = llx' WIS = S W) Consider the following scatter plot of our 3
exp(w _ x) _ 1 two (standardized) features.

1+ exp(w' x) 1+ exp(w " x) _ _ 2

e Which of the following statements are true
exp(w x) = 1 about an unregularized logistic regression 1

wx = 0 model fit on the above data? Select all
that apply. a0
@ Thus the decision boundary of LR is nothing but a linear hyperplane, just like v

Perceptron, Support Vector Machine (SVM), etc. O After performing logistic regression, ’
the weight for the hue feature will very -2

@ Therefore y =1 if w'x > 0, otherwise y =0

LL-After performing logistic regression,
the weight for the abv feature will very
likely have a negative sign.

If no regularization is used and the training data 1s linearly separable, the optimal model
parameters will tend towards positive or negative infinity.

() True () False
\
(RED R et
\
o(4-0)= T, pw

%ﬂad)m/{’ descont”

é@"@’“

likely have a negative sign.
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> Now , what' hogens it nof iy 2

Which of the following statements are true about logistic regression?
€2 A: If the points are linearly separable (with a pos- ¢ B:
itive margin), then logistic regression (with suitable
optimization software) can find a decision boundary
with zero training error.

If we don’t use regularizat

Minimizers.

ion, the logistic

regression cost function might have infinitely many

Class 0
Let’s think about what happens with linearly
separable data in logistic regression.

Consider the following training set:

Let the equation of horizontal line A be
wo + w ' x, where intercept wy = —1.

Question: What would be the direction of w? —_—

Our model is logistic regression:

1

Priy=1|x,w) = 1+ exp (—wp — wy x[1] — wex[2))

Ditedion o v 73 Peﬂ(;erd)adaﬁ d
Wlm-

>STewed ey

%,
o 0 15N C’Jf% class |
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Slight change of previous Question: 3 P b will ke oW (e

Class 1

Let’'s think about what happens with linearly
separable data in logistic regression.

Consider the following training set:

Let the equation of horizontal line A be = | (o)
wo + w' x, where intercept wy = —1. %

Question: What would be the direction of w? ® %
Class 0
x

Our model is logistic regression: x ®

1

Prly=1|x,w) = wo — wix[1] — wax[2])

1+ exp(-

—9[[\31%1':

Lo s dowadds  class direher]

Let’s think about what happens with linearly L w ﬂ, I Xl J(&} — }7
separable data in logistic regression. | l
Consider the following training set on the right: o X2 (o)
Each data point has two features - one shown on 0O (o) Llﬂ-L E 9. )(' '-|—_b)(a + C = O
the horizontal axis, and the second on the vertical o) {
axis. Ea».::h'p.omt Is in one of two classes - ‘X' is . O O %, Slﬁf’e- - __EJ__ — - /&
class 1, 'O’ is class 0. ' }-—l o) 43
Our model is logistic regression: ‘ x * UneA
et =— ~ &
x x Line E )([ l qd— f
| x -
Prly=1]|x,w) = - = % ‘ —C&, ="
y | ) 1+ exp (—wp — wix[1] — wax[2]) : x » " Ka ket = _.-[;“ 2
(a) What are some possible values of w to produce line A and line b~ \ e QOW
B? Line A is horizontal with an intercept of -1. Line B has a slope o= Q
of —1/2 and an intercept of -2 on the vertical axis. L - 3

Given the probability model for a binary classification problem where the label y,, € {+1, —l}
and the probability is defined as:

e
o(w'x,) for y, = +1 N C _gni(n'ﬁ
P n) —
(y” ‘ - ) {1 — T (wau) fﬂr Yn — o | - 2’. [n I+£"
4=

Which of the following represents the loss function for this classification problem using the Ioglstlc

loss formulation?

ugmg, M- Log L'[:QI‘M

Ao (~unlog (o (W'xn)) — (1 - ) log (1 — o (w'xy))) \ o o anlnin

B. X1 (v — 7 (W)’ el ,8) = Trq‘[%ﬂ“ﬂ” - [ ﬁéﬂ B
C.Zf__llo 1+ exp(—y,w x, N -
D-Z:?'llo§§1+ex§%y,.ix.ﬂ)) _vVe MUE /s CElss o cf:— - lndgnw@ (He-

.{-—-l
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We trained a three-way logistic regression and obtained weights y Wf:r — |
we = (1,1,0),wp = (-1,1,1), we = (2,1,2). \ Wb — &
What label would be given to the point z = (0,1,1)? >[ WJ - 3
(A) A.
[
(B) B.
(C) C.

airplane lassifier| &

A =t losser

X2

A linear predictor is used to solve a classification problem with three classes. The data is two-
dimensional and the linear functions for each class are:

e Class 1: wy = (1,1), by =0
e Class 2: wy = (1,0), by =1

A .

e Class 3: w3 = (0,1), b3 = -1

Draw the resulting decision boundary and clearly mark the region corresponding to each class.

| ) Yﬁ'ﬁa — U
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“1 e’ Turns outputs f into probabilities (sum up to 1 across K classes)
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(#} (2 points) What is the definition of softmax(zy,...,z,)? Recall that this function
takes in a list of n real numbers 1,...,Z, and outputs a list of n real numbers.

Iy Ln
A. SthmaX(:I:l, s ,In) — SRR ﬂ—:|
[ 2i=1Ti i=1 Ti
e”’! ern
B. softmax(zy,...,z,) = ik I]
, eTi : eli
L 1:1 1:1
C. soft e”l e’
. soltmax(®), ... 2n) = S S
D. softmax(zi,...,z,) = [€",...,e"™"]
l{j James likes big cats. He has a collection of color images, each of which has been accurately
labeled as being a leopard, jaguar, cheetah, or lion. He wishes to design a four-way classifier

that can classify new images as one of these four species. Your task is to assist James in creating
a 4-way classifier for this dataset.
(3 points) It’s best to try simple solutions first, so you tell James to try a linear model.
Consider (1) linear regression, (2) logistic regression, and (3) softmax regression. Which
one would you recommend? Why is it more suitable than the other two?

b siven an n-dimensional vector y . 5_ — e '
. 3 l
For any real number ¢, will the softmax of ¢ - y be the same as the softmax of y? C,% ~

A. Yes

B. No \.,

Qacless 1ot of El’ncﬂg/ cless:

Given input data x € R®, how many parameters do the following models have? Assume that
linear components of all models have bias terms.

1. (2 points) Binary logistic regression

[ p ] H paomeld = Aﬁﬂah#w’l“l

2. (2 points) Multiclass logistic regression with two output values, i.e. two classes

ki




(3 points) A binary classification problem could be solved with the two approaches
described below:

Approach 1: Simple Logistic Regression (one neuron)
Your output will be § = o(W;z + b))
Classify as 0 if § < 0.5 and 1 otherwise.

Approach 2: simple softmax regression (two neurons)
Your output will be § = softmaz(W,z + b,) = i1, §2]"
Classify as 0 if §; > 3, and 1 otherwise.

Approach 2 involves twice as many parameters as approach 1. Can approach 2 learn
more complex models than approach 17

If yes, give the parameters (W,,b,) of a function that can be modeled by approach 2
but not by approach 1. If no, show that (W,,b,) can always be written in terms of

(W, by). w rb; W2 +b59
=l % & ""’"T{w“;) Z\;ﬁﬂ@s Tl
| S 2 ST
| \ WX + 'L"-Sa
N e\i\}g 0 ~ 2

,__,___;(%i\lef\ O-

= |

\Su‘k

Solution: No. For approach 1, the classifier is o(w;z + b;) > 0.5 which is equiv-
alent to wyz + b, > 0.

Now, for approach 2, define wj as the weights for the first output and w? as the
weights for the second output. Similarly, define b; as the bias for the first output
and b3 as the bias for the second output.

exp(wiz+b}) exp(wiz+b3)
r;rp(w};r+b.})+—r:p(w§r+h%) — erp(w.}.r+b}}+¢:rp(w§.r+b?}'
Since the denominator is positive and same on both sides, this is equivalent to
exp(wyz + by) > exp(wiz + b3).
Since exp is a monotonic increasing function, this is equivalent to wyz + b; >
wiz + b3.
This is equivalent to (w3 — w3)z + (b3 — b3) > 0.
Given any ws and by in approach 2, we can get the exact same model by setting

w, = wi — w2 and b; = b} — b2 in approach 1.

For approach 2, the classifier is

Alternatively, one can argue based on degrees of freedom.

Note that in this case, we are asking about model complexity, which is independent
of loss function.
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Consider the function f : R? » R whose components are given by

v.

X;
i) = =

I
2k=1 %

fori=1,...,dand x € R,

We cansee that 0 < f; < 1 foreachi = 1,...,d and ):f:, f; = 1. Thus, f normalizes the
input vector x to a probability distribution, just like Softmax does! That said, what is one way

in which our function f differs from the Softmax function?
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One of the objectives of cross-entropy loss is to both increase the probability of the true class and A) As the probability of the true class increases, the total sum of probabilities across all classes

decrease the probabilities of the other classes. The formula for cross-entropy loss is given by: decreases, which inherently reduces the probabilities of the other classes

Cross-Entropy Loss = — log(Predicted Probability of True Class)
B) Cross-entropy loss does not affect the probabilities of the other classes; it only focuses on

From the formula, it is clear that minimizing the loss means increasing the probability of the true increasing the probability of the true class. e —————
class. Argue that the cross-entropy loss function also ensures that the probabilities of the other By
classes are reduced. C) Minimizing the cross-entropy loss requires that the probability of the true class is maximized,

which leads to a natural reduction in the probabilities assigned to the other classes due to the

constraint that probabilities must sum to one.

D) Cross-entropy loss is calculated only for the true class, so it does not influence the
probabilities of other classes.
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Give the possible feature transformation

P Imw% f@"yﬁab%_ —> [[ﬂeaﬂ'} opateble. — [ine  hypnrplare.

such that given data is linearly separable. E 15
a _ c{m'z ~ ],i.{'C :
_ ‘t * brf -{'C 1 10 1;15 10 15
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Give the possible feature transformation Y c £ 8
such that given data is linearly separable. e 'f_' ) N
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K~ Nechlest Né’,\gﬁl—b_o‘*g

To predict category label y of a new point x (classification):

(o)

* Find k nearest neighbors (according to some distance metric)

» Euclidean Distance:
* Assign the majority label to the new point ( /

dEuclidean (X .V) (X,
—1

To predict numeric value y of a new point x (regression): v

* Find k nearest neighbors

» Manhattan Dist :
* “Average” the values associated with the neighbors annattan Histance

'-ﬂ-"

dManhattan X Y) Z IX, _y;
Note: Changing k may result in a different prediction. Lﬁ’
M\

Sk —luypdpaSanels | [&\\ g\t b

\ -a:l La d.'f:hﬂtt._"‘
7y~

s Unlike paics algattns v need dolo §2

. calied we,rg“s .
Phdl&lm‘ \We. don't )N’*W—-— { LV dlsy - l X 'ﬁ \
(g
TRaun (st (once_) Test™ (ost (%osh S
e’
N O L }k
igh Vety [ow = Wy+tbh
[/
g;,}l 6*3,_ é ) USII"‘J, Z*Nn} 4‘7_, L d (slence
y | Training Example (x, y) | Class Label (c)
M (1, 7) +1 2l = . ) - )
> (3, 3) +1 o+2 =73 -~ 3
pit o ) -1 2o 22— = 4
(2 points] What is the training error (fraction labeled wrong) in the
above picture using 1-nearest neighbor and the L; distance norm be-
tween points? If there is more than one equally close nearest neighbor,
use the majority label of all the equally close nearest neighbors. Please
make sure you really are computing training error, not testing error.
Training error here is the error you'll have when you input your training set to vour KNN as test
l{ 0 ‘ . . - . . set. When K = 1, you'll choose the closest training sample to your test sample. Since your test
(b) | /6 n sample is in the training dataset, it'll choose itself as the closest and never make mistake. For
- ’r _ this reason, the training error will be zero when K = 1, irrespective of the dataset. There is one
(C) 2/ 6 ot " o logical assumption here by the way, and that is your training set will not include same training
(d) 3 / 6 i samples belonging to different classes, i.e. conflicting information. Some real world datasets
(e) 4/6 i ' might have this property though.
L] . [ ]
;* * *

0 1 - 3 4 5 £

(kNN) Consider a 2D dataset where training points are on the integer grid (x,,x,), and both
dimensions x; and x, range from 1 to 100 (inclusive). The binary label for point (x;,x;) is (-1)
What is the label for test point (51.3, 62.1) with a 3-NN classifier?

(x]+x2)

(kNN) Consider points in 2D and binary labels. Given the following training data: x1=(1,1), y1=1,
x2=(-1,1), y2=0, x3=(-1,-1), y3=1, x4=(1,-1), y4=0, and use Manhattan distance, how will INN

classify any points in 2D? S ——— j"’l 2—[{“ %mdﬁcmﬂ' 5«-’-— ®,

|
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You are using K-Nearest Neighbors (KNN) regression with K = 3.
Below is the dataset of the nearest neighbors and their
corresponding target values:

Neighbor | Distance from ¢q | Target Value
N1 1.2 15
N2 15 20
N3 1.7 25
N4 2.0 30
N5 2.5 35

Using simple averaging (mean) of the target values of the 3
nearest neighbors, what will be the predicted value for the new

data point?
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« Each zone is (

line_

g Lisuh® of Hic gt Lie-
ks of, teme <l fon skif

« Given a set of points,
a Voronoi diagram
describes the areas
that are nearest to
any given point.

* These areas can be
viewed as zones of
control

controlled by one of
the points




DE < Subset of the Voronoi Diagram
\ - . ‘ , . @ Decision boundaries: Voronoi diagram visualization

» show how input space divided into classes
» each line segment is equidistant between two points of opposite classes

« Each example controls its own
neighborhood

* Create the voroni diagram

« Decision boundary are formed
by only retaining these line
segments separating different
classes.

4

« The more training examples we
have stored, the more complex
the decision boundaries can
become

3l

Lt ¥

Desision Round S

FinJNESE. bﬂ

. | . , . ks e
[6 points] TRUE or FALSE: fo neighboring Voronoi cells C; and C; corresponding oy = (o< aCy J/IQ/’

to two training examples x(1) and x?), the boundary between C; and C, is part of the decision [l 6 C ' deos o
boundary of the 1-nearest-neighbor classifer. Briefly justify your answer. Mcyf i net (n decs

found 2

—> K g,{j/w\f)nm inh does' vt 5{@’& 0L logpn He  deusior /{y@andcﬁg; (4
i dwi what can be f'nﬁcﬂﬁcﬂ-

Small k

SN Large k

e Low bias C’ k= 10:1
. . = e High bias

e Models like this are overfit -

e Rather than being overfit, this
model is underfit ne

o The decision boundary doesn't
capture enough of the relevant
information encoded in the
training data

Read too much into the training datz
extrapolating based on things that
aren’t necessarily relevant

e High variance: model varies

greatly with the data - : . -
x . e Low variance: model barely

varies with the data

In the image below, which would be the best value for k, assuming you are using the k-nears

neighbor algorithm?

a. 3

b, 10 . e
c. 20 .
d. 50 h

30
Error

rate
20

10

K- Value



() Training a k-nearest-neighbors classifier takes more computational time than ap-

(2 points) Which of the following statements are true? % ﬂ 0/{. jﬁam — Mol d ah <

plying it. 0 ,;E_ ~
@) The more training examples, the more accurate the prediction of a k-nearest-neighbors. 80

(O k-nearest-neighbors cannot be used for regression.

@~ A k-nearest-neighbors is sensitive to outliers. *,{rs'\ gmabf gl
LS (d'

| noise

Select one: Imagine you are using a k-Nearest Neighbor classifier on a dataset with
lots of noise. You want your classifier to be less sensitive to the noise. Which of the
following is likely to help and with what side effect?

(V) Increase the value of £ — Increase in prediction time
() Decrease the value of k& — Increase in prediction time
() Increase the value of k& — Decrease in prediction time

(O Decrease the value of k — Decrease in prediction time
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Logistic Regression
» In logistic regression, the model for P(y | X = x) is:

1
1+ ew'x

P(yd X = x) =

» This directly models P(Y | X), which is known as a
“discriminative model”.



%

ripe or unripe?

You have a green-black avocado, and want to know if it is ripe.
Based on this data, would you predict that your avocado is

Train Data: _color | ripeness Test Point: green-black avocado
. bright green | unripe T
green-black | ripe P(ﬁ,@ — —
purple-black | ripe |
' green-black | unripe | P(ripelgreen-black) = ? 2[‘5
purple-black | ripe _ b
" bright green | unripe P( Vﬁﬂ(},ﬂ) = X
| green-black | ripe ||
| gp:]erz,::?;iik ! :;EE P(unripe|green-black) = 3 Q!‘?
| green-black " unripe
' purple-black | ripe
3/ P@‘@B = S
B Jxi % = 3/ ) e oe)
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] Sky | Temp | Humid | Wind | Water | Forecst | EnjoySpt .8 . Jce
gﬁd Sunny | Warm | Normal | Strong | Warm | Same | Yes D Tud M i’hﬂ - Pﬁowhe’b >
Sunny | Warm | High | Strong | Warm | Same | Yes We_ Neetl P e ,Lari‘ P%p is c:nffl(l""t?d
. . . Ao ol—1) =\ ,-aJuPﬁfM e
. = . >
: . : . : : — ‘)r_ F’(V) Pé)(u)(az" ){W/ij
Rainy | Cold High Strong " Warm Change | No 'P[V/X;/)/a*- x‘{ - '—//ED(,XQ Kf)——
Sunny | Warm | High | Strong | Cool | Change |  Yes PN,
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Consider a Bayes classifier with 3 boolean input variables, Xi, X5, H"L Mm=72 -
and X3, and one boolean output, Y. il .- A ¥ f — [I& il{fé’,@}M &l

1?""

. . A= el
How many parameters must be estimated to train such a o N

N
Bayes classifier: W—
witr o

oyl — IS pohim ko
/&Ukw
food
Eg Suppose that you are trying to solve a binary classification riii oh Ormm'-_ohad-

problem, and your data set has 4 attributes. Each attribute can

take 3 possible values. y
If you modeled the full joint distribution of the attributes and the Colude

class label, how many parameters would you need?

MSQ Question: 1

What is the total number of parameters needed to model
P(Ya X1,X2, X3, - 1Xd)?

e kis the number of possible values Y can take.

« tis the number of possible values for each X;, where i € {1,2,...,d}.
A k-t?—1 i caler|
,, Ve
B. k-td-1 Lion we have Gﬁjgwsseﬂl OM
: '
o k-(td—l)-i—(k—l):BT‘? hoedle s g7
D. t9-k
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Naive Bayes classifier

y = argmax, P(Y =y|X = x) | o
= argmax,P(Y =y)PX=x|Y =y) — [(Jn* Jenom
d
bt tiets
= argmax,P(Y =y) | |P(X;=x Y = _ | . %
’ 11:1[ ) AN lQaiN‘(\% Iqm,Q_. CQIMQ‘TM ’6 P

Bayes rule . /
: i osted ?ﬂbb@% dhan by not %M_

+ Conditional independence assumption _% I\JD‘LQ -
Wﬂo‘l@(f Denptutl ‘
spce. condi . elggendorie 7é i deendence



_0,c=1)
_ =
@jr &\? Suppose we are given the following dataset, where A, B,C are input binary random variables, and y is a F’CV/ ﬂ "Ofg !

binary output whose value we want to predict.
ed b oM
We e
-0 C= B Uo’ll"’\

<
|

-—-t—-E:ﬁH:C}
= OO
~

‘ £
\

""l-l-..______
-
w

0
. U —B

-tm—-:n-:»::i:b-

[ - —

How would a naive Bayes classifier predict y given this input:

e (omfot
e D) Bl v 1) ARItiG Ehat ix onse OF & tiu the tlssifier Alweye Tackan to oeadiot 0 b v 2\ g:cy:)- P(f;yyza
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|
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What is the probability P(Y = + | A; = True, A, = True) by applying the Naive Bayes .-—*- _
classifier (show each step in computing the probability)? _ Pl_‘f:.'f\ - ?(‘A:""'" +\: F =1 A‘)
- R

What label should you predict for input (A; = True, A, = True) based on your result above ? P(ﬂl ., Ay ?_0
T 3
P(%—) [ﬂ”.-: 3 p(As=/ [ SR 1
X n 22— - lp =
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Consider a classification problem with 10 classes y € {1,2,...,10}, and two binary r Wc,fﬂwﬂ/ F’(la. } {(;:O , N3 = l}
features z,,z, € {0,1}. Suppose p(Y = y) = 1/10, p(z; = 1 | Y = y) = y/10, '
plza =1|Y =y) = y/540. Which class will naive Bayes classifier produce on a test _ P(_‘{) ‘ P(_X"' D / ‘{} P(.XL:' / Y

item with (z; = 0,25 = 1)?

(A)1 (B) 3 (OF: WE (E)10 | compote 2 all 5’




~onsider a classification problem with two binary features,

X1, X2 € {0,1}. Suppose P(Y =y) =1/32, P(x1 = 1| Y =y) = y/46,
P(x2=1]|Y =y)=y/62. Which class will naive Bayes classifier produce
on a test item with x1 =1 and x2 = 07?

* A 16
« B 26
« C 31
« D 32

oty 1070)= L) Pt fe) Rt

RN N N ==
32 kb b

|4 points| Consider a naive Bayes classifier with 3 boolean input variables, X, X, and X3,
and one boolean output, Y.

e How many parameters must be estimated to train such a naive Bayes classifier? (you
need not list them unless you wish to, just give the total)

2 = |
_— H.&J—’&’r //

2 points| Consider a classification problem with two classes and n binary attributes.
How many parameters would you need to learn with a Naive Bayes classifier” How
many parameters would you need to learn with a Bayes optimal classifier?

GATE 2024 -- Data Science and Artificial Intelligence (DA) - Sample Question Paper V B k
: , @_ ;\ + ko A -

Q.28 Given a K-class dataset containing N points, where sample points are described

using D discrete features with each feature capable of taking V values, how L(d )
F\C_cl\/ - ij,k,b.@f/g — |

many parameters need to be estimated for Naive Bayes Classifier?

A) | VPK . = sk MQM\ }c\f{“l'—d‘/

K ye

VDK + K

K(V+D)

Consider a Naive Bayes classifier with 100 feature dimensions. The label is binary with P(y —

0) = P(y = 1) = 0.5. All features are binary and have the same conditional probabilities:
Plas=1|y=0)=a
P(zi=1|y=1)=b Hu)

-""""'"_-_

fori = 1,...,100. The values of a and b are within [0, 1]. R

Given an item with alternating feature values X = (z; = 1,2, = 0,23 = 1,...,2190 = 0),
compute P(y = 1 | X).
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